線形要素を用いた境界要素法における解析的積分(数式処理における理論と応用の研究) by 北原, 清志
Title線形要素を用いた境界要素法における解析的積分(数式処理における理論と応用の研究)
Author(s)北原, 清志








Abstract. The essence of the boundary element method is the transformation of
the governing differential equations into equivalent sets of integral equations. It is suf-
ficient for the solution of the problem to discretize only the boundary rather than the
whole domain. So the boundary element method is ideally suited for structural shape
optimization. This report presents analytical integrations in the boundary element
method employing linear elements for bidimentional elasticity problems. Analytic
integrations provide a convenient means of computing accurate stress and deflection














2 Somigliana (Green ) ,
$\Omega$ , $\Gamma$
$u_{j}(y)= \int_{\Gamma}u_{ij}^{*}(x, y)t_{i}(_{X})d\mathrm{r}(X)-\int_{\Gamma}t^{*}(ijx, y)u_{i}(X)d\mathrm{r}(X)+\int_{\Omega}u_{ij}^{*}(X, y)b_{i}(x)d\Omega(_{X})$
, 1, 2 $y\in\Omega$ , $u_{i}$
, $t_{2}$ , $b_{i}$ , $u_{ij}^{*},$ $t_{ij}^{*}$ (Kelvin
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)$u_{ij}^{*}(x, y)= \frac{1}{8\pi G(1-\iota \text{ })}\mathrm{t}(3-4_{l}\text{ })\delta_{i}j\ln(\frac{1}{r})+r_{i},r,j\}$
$t_{ij}^{*}(x, y)= \frac{-1}{4\pi(1-l\text{ })r},[\frac{\partial r}{\partial n}\{(1-2_{I}\text{ })\delta ij+2r_{i},r_{j},\}+(1-2\iota \text{ })(r,inj-r_{j},n_{i})]$
$G$ , $\nu$ Poisson , I $x,$ $y$ , $n_{i}$ $x$
, $r_{i},=\partial r/\partial x_{i}$
$y$ ,
$c_{ij}(y)u_{i}(y)+ \mathrm{p}.\mathrm{v}.\int_{\Gamma}t_{ij}^{*}(x, y)u_{i}(X)d\Gamma(X)=\int_{\Gamma}u_{ij}^{*}(x, y)t_{i}(X)d\Gamma(X)+\int_{\Omega}u_{ij}^{*}(x, y)bi(x)d\Omega(x)$
$c_{ij}(y)$ $\text{ ^{ } _{ } ^{ _{ } } _{}\frac{1}{2}}\delta ij$ ,
, ,
$\mathrm{p}.\mathrm{v}.\int$ Cauchy
$b_{i}(x)\equiv 0$ $\Gamma$ $N$ ( ) $\Gamma_{k}$
, 1 ,
$c^{l}u^{l}+k^{4} \sum_{=1}^{N}h\iota kuk=\sum_{k=1}^{N}g^{\iota}t^{k}k$ $(l=1,2, \cdots, N)$
, $l,$ $k$ $c^{l}=[c_{ij}^{l}],$ $h^{lk}=[h_{ij}^{lk}]$ 2 F| , $g^{lk}=[g2_{ij}^{l,k1}-, g1^{lk}]ij$
$(2,4)$ , $u^{k}={}^{t}[u_{1}^{k}, u^{k}2]$ $\Gamma_{k}$ , $t^{k}={}^{t}[t2_{1^{-1}}^{k},$ $t2_{2^{-}}^{k}1,$ $\mathrm{f}\mathrm{l}_{1}^{k}$ ,
$1_{2}^{k}$ ] 2 $\Gamma_{k-1}$ , 2
$t2_{i}^{k-1}\neq$ ,
$t2_{i}^{k-1}=t1_{i}^{k}$ $(i=1,2)$
$C_{h}= \frac{-1}{4\pi(1-\mathcal{U})}$ , $C_{g}= \frac{1}{8\pi G(1-\iota \text{ })}$
, $\alpha$ ( $\alpha=\pi$ ,
), $\Gamma_{l-1}$ $\Gamma_{l}$ $c^{l}$
.
$s^{k}={}^{t}[s_{1}^{k}, s_{2}^{k}](k=l-1, l)$
$c_{11}^{l}= \frac{\alpha}{2\pi}+C_{h}(_{S_{1^{S}}}\iota l\iota-1S)2^{-s}12^{-}\iota 1$ , $c_{12}^{l}=c_{21}^{l}=C_{h}((s_{2}^{l})2-(S^{l})^{2}2^{-})1$ ,









$z^{lk}=x-kX^{l}$ , $R^{lk}=|z^{lk}|$ ,
$a^{lk}=Z^{lk}\cdot s^{k}=z_{1}s+lkk1z_{2}S_{2}lkk$ ,
$b^{lklk}=a+\rho k$ , $c^{lk}=z^{l}12ks^{k}-\mathcal{Z}2lks_{1}^{k}$
, ,
$\mathrm{r}_{0}=\mathrm{r}_{N}$ , $\Gamma_{-1}=\Gamma_{N-1},-\Gamma_{N+1}=\Gamma_{1}$
$u$ $h$ $k\neq l-1,$ $l,$ $l+1$








$h_{11}=l,l+1lc_{h}C’ l+1((1-2\iota \text{ })H_{111}+12+H+l,l1)l_{:^{l}}11112$
’
$h_{12^{+}}^{l,\iota 1}=ch((1-2\nu)(H_{1’}\iota_{21}l+1)2+1+2c^{l}.H_{1211}^{l\iota}:+1)\iota+1$ ,






















$\mathrm{L}\mathrm{N}21\mathrm{R}^{l}k=\frac{1}{\rho_{k}}\ln(\frac{R^{\iota_{\text{ }}k1}+}{R^{lk}})$ , $\mathrm{A}\mathrm{T}\mathrm{A}\mathrm{N}\mathrm{C}\mathrm{R}^{\iota k}=\frac{1}{\rho_{k}|C^{lk}|}(a\mathrm{r}\mathrm{c}\tan(\frac{|c^{lk}|}{a^{lk}})$ $- \arctan(\frac{|c^{lk}|}{b^{lk}}))$
,
$\rho_{k}=\rho$ , $s_{i}^{k}=s_{i}$ $z_{i}^{lk}=z_{i}$ , $R^{lk}=R_{1}$ , $R^{l,k+1}=R_{2},$ . $a^{lk}=a$ , $b^{lk}=b$ , $c^{lk}=c$ ,
$\mathrm{L}\mathrm{N}21\mathrm{R}^{lk}=\mathrm{L}\mathrm{N}21\mathrm{R}$, ATANCR $=\mathrm{A}\mathrm{T}\mathrm{A}\mathrm{N}\mathrm{C}\mathrm{R}$








$H_{2211}^{lk}= \frac{c}{2}(s_{2^{2}}-S1^{2})$ ATANCR $+s_{1}s_{2} \mathrm{L}\mathrm{N}21\mathrm{R}-\frac{(2bs_{1}s2+C(s_{2^{2}}-S_{1})2)}{2R_{2}^{2}}$
$H_{2212}^{lk}=-c^{2}$ ATANCR $-a\mathrm{L}\mathrm{N}21\mathrm{R}+1$
$H_{222}^{lk}-2- arrow(\frac{a}{2}+CS_{1}s_{2)\mathrm{A}}\mathrm{T}\mathrm{A}\mathrm{N}\mathrm{c}\mathrm{R}+s_{2^{2}}\mathrm{L}\mathrm{N}21\mathrm{R}-\frac{(b(_{S_{2^{2}}}-s_{1^{2}})-2_{C}s1S2)}{2R_{2}^{2}}$




















$c_{11}^{ll}=11 \frac{\rho}{4}(3-2\ln\rho))$ , $G_{1112}^{ll}= \frac{\rho}{2}s_{1^{2}}$ , $G_{121}^{ll}= \frac{\rho}{2}s_{1^{S_{2}}}$ , $G_{122}^{l} \iota\frac{\rho}{2}2s_{2^{2}}=$
$c_{21}^{ll}=11 \frac{\rho}{4}(1-2\ln\rho)$ , $c_{2112}^{ll}= \frac{\rho}{2}S1^{2}$ , $G_{221}^{ll}= \frac{\rho}{2}s_{1}S_{2}$ , $G_{2222}^{ll}= \frac{\rho}{2}s_{2^{2}}$
$k=l-1$ $G_{ijm\cdot n}^{lk}$
$c_{11^{-}}^{\iota,\iota 1}11= \frac{\rho}{4}(1-2\ln\rho))$ , $G_{1112}^{l,l}-1= \frac{\rho}{2}s_{1^{2}}$ , $c_{121}^{\iota_{:}}=l-1 \frac{\rho}{2}s_{1}S_{2}$ , $G_{1222}^{\iota,\iota 1}-= \frac{\rho}{2}s_{2^{2}}$
$G_{21}^{l,l-1}11= \frac{\rho}{4}(3-2\ln\rho))$ , $G_{21^{-1}}^{l,\iota_{1}}=2 \frac{\rho}{2}s_{1^{2}}$ , $c_{22^{-}}^{l,l1}=1 \frac{\rho}{2}s_{1}S_{2}$ , $G_{2222}^{l_{:}\iota 1}-= \frac{\rho}{2}s_{2^{2}}$
4.





[1] Espiga,F., Gracia,L. and Doblare,M. : Shape optimization of elastic homogeneous $2\mathrm{D}$ bodies
by the boundary element method, Computers&Structures, 33, pp. 1233-1241 (1989).
[2] Guiggiani,M. and Casalini,P. : Direct computation of Cauchy principal value integrals in
advanced boundary elements, Int. J. Num. Meth. Eng., 24, pp. 1711-1720 (1987).
[3] Kane,J.H. and Saigal,S. : Design sensitivity analysis of solids using BEM, ASCE J. Eng.
Mech., 114, pp. 1703-1722 (1988).
222
[4] Sandgren,E. and Wu,S.J. : Shape optimization using the boundary element method with
substructuring, Int. J. Num. Meth. Eng., 26, pp. 1913-1924 (1988).
[5] ffl $\iota \mathrm{F}\mathrm{j}\mathrm{E}\ovalbox{\tt\small REJECT},$ $\mathbb{R}*\ovalbox{\tt\small REJECT} \mathrm{g}\beta,$ $\mathfrak{c}\mathrm{F}7l^{\mathrm{j}\mathrm{E}}r\overline{\mathrm{T}}/-\cdot.\mathrm{f}_{R}^{\pm}ffi\Leftrightarrow\neq_{\backslash }\backslash \grave{\mathit{1}}\xi,$ $\mathrm{h}^{\pm}\ovalbox{\tt\small REJECT}\not\in^{\wedge}\mathrm{B}$ .
223
